UNRANKING PERMUTATIONS IN TRANSPOSITION ORDER 

AND LINEAR TIME. 
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Abstract. An algorithm is presented for unranking permutations in trans- 
position order: Given a seed s £ N, the algorithm produces a permutation 
■P(s) that differs from the permutation V{s + 1) by the transposition of two 
elements. 
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1. Introduction 

An algorithm V{s) is constructed that produces a permutation of objects in fac- 
toradic representation. All permutations of n objects can be produced, evaluating 
V(s) for every < s < n! — 1. 

The key property of the algorithm is that permutations V(0), V{1), . . . are pro- 
duced in transposition order. 

1.1. Transposition Order. It is an ordering of permutations in which each two 
adjacent permutations differ by the transposition of two elements. For the permu- 
tations of {1,2,3} there are two listings which are in transposition order. One is 
123, 132, 312, 321, 231, 213, and the other is 123, 321, 312, 213, 231, 132. [I] 

1.2. Factoradic representation. Factoradic is a numeral system based on facto- 
rials. In factoradic, the sequence a n a n -\ ■ ■ ■ ao represents the number 



£! 



8=0 

, where < i 

One can represent any permutation using factoradic as follows: Suppose we have 
a set of n + 1 objects {k , . . . ,k n } and the factoradic sequence a n a n -\ ■ ■ ■ ao- We 
remove the a„-th element from the set of objects (the element with index a n ) and 
place it first on the permuted list. We continue with the a n _i-th object of the 
re-indexed set, placing it second on the permuted list and proceed likewise through 
ao-th (which is always zero: the first and only element left in the set). [2] 
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2. Algorithm 

The algorithm is 0(n), i.e. linear in respect to the number of objects n in the 
set. 

For a given seed s, we choose an n such that s < n\ — 1. The algorithm outputs 
the factoradic sequence f n -ifn-2 • • • fo that corresponds to the s-permutation of a 
set of n objects. 



Algorithm 1 Given seed s £ N calculate permutation / n -i/n-2 • 



Require: n such that s < n 
1: dn+i = 

for fc = n to 1 do 



1 



s (mod k\) I 
L (fc-l)! J 



L- 



J (mod (fc+1) 2 ) 



fc+2 



5: fk-i = (x k - L|r J - d k ) (mod fc) 
6: end for 



2.1. Properties. Defining a distance d(s,s') as the minimum number of transpo- 
sitions needed to reach permutation V(s') starting from permutation P(sj3 , the 
following properties can be proved: 

• V is a bijection: V{s) -> /„_i/ n _ 2 • ■ • /o ^ /n-i/n-2 • ■ • /o -> P(s), Vs G 
N,V/ n -i/„_ 2 .../ 6P 

• 7-* unranks permutations in transposition order: d(s ± 1, s) = 1 

Also, 

• s') < min(|s - s'|,n - 1) d(s ± 2, s) = 2 

• d(s,0) < k- 1, s <k\ 

• \d(s,0) - d(s',0)\ < d(s,s') 



d(s, s') is a proper distance function since 

(1) d(s,s') > 

(2) d(s,s') = O P(s) = P(s') 

(3) d(s,s') = d(s',s) 

(4) d(o,6) < d(o, c) + <Z(c, 6) 
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3. Examples 



For s = 4 we choose n = 4, so 

/a 
£3 

d 3 
h 



^ 4 (mod4!) | =() 



3! 

/ 4+(0)(5! 
I 4! 



(mod 5 2 ) 



(O-LjjJ-O) (mod4) = 



4 (mod 3!) | _ „ 



2! 

/ 4+(0)(4! 
v 3! 



(mod 4 2 ) 



2-L^yJ-O) (mod 3) 



A 

/o 



thus P(4) -> 3 2 2 0i0 
Similarly: 



1423. 





P(5) -> 03221x00 


-> 1432 




P(6) -> l 3 2 2 li0 


2431 




V(7) -> 13220x00 


-> 2413 


P(319) 


— » 25I42322O1O0 — > 


325614 


P(32G) 


-» 2 5 l 4 2 3 2 li0o -» 


325164 


P(321) 


-» 2 5 l 4 2 3 020i0o -» 


325146 


P(322) 


-> 2 5 l 4 2 3 l20i0o -» 


325416 



Using the above values, we can validate some distance relationships: 

d(4,5) = 1 
d(4,6) = 2 

|d(319,0)-d(5,0)| = |3-1| = 2 

< d(319,5) = 2 

< d(319,0) + d(0,5) = 3 + 1 = 4 

d(319,5) = 2 

< min(|319-5|,5) = 5 
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